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Abstract
The prediction made by L. O. Chua 45+ years ago (see: IEEE Trans.
Circuit Theory (1971) 18:507-519 and also: Proc. IEEE (2012) 100:1920-
1927) about the existence of a passive circuit element (called memristor)
that links the charge and flux variables has been confirmed by the HP
lab group in its report (see: Nature (2008) 453:80-83) on a successful con-
struction of such an element. This sparked an enormous interest in mem-
elements, analysis of their unusual dynamical properties (i.e. pinched hys-
teresis loops, memory effects, etc.) and construction of their emulators.
Such topics are also of interest in mechanical engineering where mem-
dampers (or memory dampers) play the role equivalent to memristors in
electronic circuits. In this paper we discuss certain properties of the oscil-
latory memristive circuits, including those with mixed-mode oscillations.
Mathematical models of such circuits can be linked to the Newton’s law
φ′′−F (t, φ, φ′)/m = 0, with φ denoting the flux or charge variables, m is a
positive constant and the nonlinear non-autonomous function F (t, φ, φ′)
contains memory terms. This leads further to scalar fourth-order ODEs
called the jounce Newtonian equations. The jounce equations are used to
construct the RC+op-amp simulation circuits in SPICE. Also, the linear
parallel G-C and series R-L circuits with sinusoidal inputs are derived to
match the rms values of the memristive periodic circuits.
Keywords: memristors, oscillatory circuits, action and coaction, New-
ton’s second law, jounce equations, SPICE
Mathematics Subject Classification (2000): 34C15, 34C25, 70G60
1
1 Mem-elements: action, coaction and one-period
loops
Historical perspective: the fourth missing element In 1971 L. O. Chua
predicted existence of a passive circuit element that links the flux and charge
variables [1]. The missing element marked by the question mark in Fig.1 com-
pletes, together with the three well-known other passive elements (resistor, in-
ductor and capacitor), the fourth side of the square diagram [2]. In total, there
are six relationships between the four variables of voltage v, current i, charge q
and flux φ as the two diagonal relationships are the well-known time-derivatives.
It was not until 2008 when a group of researchers at the Hewllet-Packard lab has
announced: ’the missing element has been found’ [3]. After the announcement
a rather large number of results dealing with memristors have been reported in
the literature (cf. [4-10] and references therein). Memristors, and also memca-
pacitors and meminductors (commonly referred to as mem-elements) [6,11], are
intriguing circuit elements not only from the point of view of circuit design, but
also, because of their unusual dynamical properties and characteristics. For that
reason mem-elements attract interests of dynamical systems analysts, mathe-
maticians (including numerical researchers) and computer engineers. Last, but
not least, mechanical memristors are becoming important elements in mechan-
ical and electro-mechanical devices [12,13] and memristive fingerprints occur in
electro-mechanical Cassie-Mayr welding arcs models [14,15].
q v
iφ
dφ = L · di
dq = C · dv
dv = R · di?
dq = i · dt
dφ = v · dt
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Figure 1: The missing fourth element.
This paper further expands the notion of equivalence between electrical and
mechanical elements and devices, as it provides explicit formulae for the force
quantity F in φ′′(t) = F (t, φ, φ′)/m, the second Newton’s law, for memristive
Chua’s circuits and other similar circuits with mixed-mode oscillations.
In general, there are six mem-elements, classified according to the input-
output relationship and the nature of the internal variable. All six mem-
elements can be described as follows.
Consider the x-controlled mem-element described by the following equations
y(t) = g(w(t))x(t), w′(t) = x(t) (1)
2
Table 1: Six basic types of mem-elements
y x w g(w) G(w) =
∫
Γ
g(w)dw, [unit]
VCMR i v φ (MR(φ))−1
∫
Γ
(MR(φ))−1dφ, [A×s]
CCMR v i q MR(q)
∫
Γ
MR(q)dq, [V×s]
QCMC v q T IQ (MC(TIQ))−1
∫
Γ(MC(TIQ))
−1d(TIQ), [V×s]
VCMC q v φ MC(φ)
∫
Γ
MC(φ)dφ, [A×s2]
FCML i φ T IF (ML(TIF ))−1
∫
Γ
(ML(TIF ))−1d(TIF ), [A×s]
CCML φ i q ML(q)
∫
ΓML(q)dq, [V×s
2]
where y and x are the mem-element’s output and input variables, respectively,
w is the internal state variable and the prime ′ = d/dt. For the six possible
mem-elements of interest, the variables y, x and w have the meanings shown
in table 1, where v, i, q, φ, TIQ and TIF denote the voltage, current, charge,
flux, time-integral of charge and time-integral of flux, respectively. The four
letter abbreviations in the first column of table 1 indicate the input variable
and the type of mem-element. For example, the CCMR stands for a current
controlled memristor. Since the input (controlling) variable x is the current
(x = i), therefore the internal variable w is the charge, since q′ = i (see (1)).
The remaining output variable y of CCMR is the voltage v, thus y = v. The
other five mem-elements are also described by (1) withMC andML in XCMC
and XCML denoting memcapacitors and meminductors, respectively. The X
denotes the controlling (input) variable. Thus, depending on a mem-element,
the X is one of the variables from the set {Q, V, F, C}, either the charge, voltage,
flux or current, respectively. Table 1 includes the g(w) function for each mem-
element and the function G(w) =
∫
Γ g(w)dw =
∫ t2
t1
G(w)w′dt, G(0) = 0, for
t1 ≤ t ≤ t2 and w(t1) = w1 ∈ Γ, w(t2) = w2 ∈ Γ. The function G(w) is used in
the next section in the analysis of the action parameter for mem-elements. We
assume that g(w) are smooth functions of the internal variable w. Typical cases
considered in the literature involve polynomials g(w) =
∑n
i=0 aiw
i, ai ∈ R [2,3].
Action and coaction parameters The action and coaction parameters [16-
20] for memristors are discussed in details in [21], where both parameters are
defined for all six mem-elements in the context of Euler-Lagrangian. For VCMR
and CCMR the actionA(t) and coaction Aˆ(t) are defined asA(t) ≡
∫ w(t)
w(0)
G(w)dw
and Aˆ(t) ≡
∫ G(w(t))
G(w(0)) wd(G(w)), respectively. It follows from the definition of
A(t) that A(t) = G(w)w|t0 −
∫ t
0 g(w)ww
′dt. Moreover, it is also true that
A(t) + Aˆ(t) =
∫ t
0
(
G(w)w′ + w dG(w)
dt
)
dt
=
∫ t
0
d
dt
(G(w)w) dt = G(w(t))w(t) −G(w(0))w(0).
(2)
which yields A(0) + Aˆ(0) = A(T ) + Aˆ(T ) = 0 where T denotes the period.
Analogous definition and properties hold true for MC and ML elements.
In [21] a detailed example with a derivation of the expression A(0) + Aˆ(0) in
3
Table 2: Six pairs of quantities for each mem-element in Table 1
(f, h)
∫
Γ
fdh
∫
Γ
hdf
(g(w)x, x)
∫
Γ1
g(w)xdx
∫
Γ1
xd(g(w)x)
(x,G(w))
∫
Γ2
xd(G(w))
∫
Γ2
g(w)dx
(g(w)x,w)
∫
Γ3
g(w)xdw
∫
Γ3
wd(g(w)x)
(G(w), w)
∫
Γ4
G(w)dw
∫
Γ4
wd(G(w))
(g(w)x,G(w))
∫
Γ5
g(w)xd(G(w))
∫
Γ5
G(w)d(g(w)x)
(x,w)
∫
Γ6
xdw
∫
Γ6
wdx
terms of the polynomial coefficients of g(w) and the internal variable w has been
reported. Also, [21] includes a proposition to call the unit of action Chua to
honor L. O. Chua for his contribution in the area of memristors and memristive
devices.
One-period loops Suppose that we consider two periodic functions, f(t) and
h(t) for 0 ≤ t ≤ T . Let Γ denotes a loop in the (f, h) plane and consider the
quantities of the form
∫
Γfdh=
∫ T
0 f(t)h
′(t)dt (or
∫
Γ hdf =
∫ T
0 h(t)f
′(t)dt). In
the context of the six mem-elements from Table 1 and periodic functions x,
y = g(w)x, w and G(w) one can define the six quantities based on six different
pairs of periodic functions, as shown in Table 2.
Graphical representation of the integrals in Table 2 is shown in Fig.2. In-
terpretation of the five quantities (integrals) along the top, bottom, right sides
and two diagonals in Fig.2 is given in [21]. Notice that the two integrals on the
left side of the square are the action and coaction parameters of the VCMR and
CCMR. This shows a one-to-one correspondence of the diagram in Fig.2 with
that in Fig.1. The quantities on the left side of the square in Fig.2 for MC and
ML elements are different than for the MR elements (see [21]).
x
g(w)xG(w)
w
∫
Γ5
gxdG,
∫
Γ5
Gd(gx)
∫
Γ6
xdw,
∫
Γ6
wdx
∫
Γ1
gxdx∫
Γ1
xd(gx)
∫
Γ4
Gdw∫
Γ4
wdG
∫
Γ3
gxdw
∫
Γ3
wd(gx)
∫
Γ2
xdG
∫
Γ2
Gdx
i
vφ
q
∫
Γ5
vdφ,
∫
Γ5
φdv
∫
Γ6
idq,
∫
Γ6
qdi
∫
Γ1
vdi∫
Γ1
idv
∫
Γ4
φdq∫
Γ4
qdφ
∫
Γ3
vdq
∫
Γ3
qdv
∫
Γ2
idφ
∫
Γ2
φdi
im
C1 x
L y R
C2zas
(1 + γ)y
vm
L1
x
G as Cy
L2
z
+
−
(1 + γ)y
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Figure 2: Six pairs of quantities defined in Table 2.
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2 Oscillatory memristive circuits
Figs.3(a)-3(d) show four typical oscillatory circuits with memristors. The first
two circuits are the well-known Chua’s regular and canonical circuits in which
the piecewise-linear Chua’s diodes have been replaced with memristors. Such
circuits show various types of period-n oscillations, where n ∈ {1, 2, . . .} depends
on the circuits’ parameters. The other two circuits (Figs.3(c) and 3(d)) are
oscillatory circuits with mixed-mode oscillations (or MMOs) of type Ls, where
L and s denote the numbers of large and small amplitude oscillations in one
period [20-27]. The circuits in Fig.3(c) and 3(d) are dual in the sense that they
are described by the same set of four first-order ODEs, namely
ǫx′ = sc[−y/η − g(w)x]
y′ = scα(ηx−Ky − z)
z′ = −scβy
w′ = scηx
(3)
where the prime ′ denotes the time derivative, 0 < C1 ≡ ǫ≪ 1, α = 1/L,K = R,
β = γ/C2 for the circuit in Fig.3(c) and 0 < L1 ≡ ǫ ≪ 1, α = 1/C, K = G,
β = γ/L2 for the circuit in Fig.3(d). The current-controlled current source
and voltage-controlled voltage source in the circuits are described through the
expression (1 + γ)y with γ > 0. The scaling factor η > 1 was chosen to reduce
the variable x and its derivative (important in circuit simulation in SPICE
[24]), since x = x/η, with x being the memductor’s voltage in the circuit in
Fig.3(c) and memristor’s current in the circuit in Fig.3(d). The sc > 0 is a time
scaling coefficient. In order to be able to excite the circuits from zero initial
conditions, one can, for example, consider (3) with the second equation replaced
by y′ = scα(ηx − Ky − z ± as), that is, a small biasing constant source as of
order ǫ is used. The as is a voltage source added to the R-L branch in Fig.3(c)
or a parallel current source added to the branches of G-C in Fig.3(d). When
as 6= 0 one can use zero-initial conditions to obtain MMOs. Otherwise, with
as = 0, non-zero initial conditions should be used. Due to the small values of
im
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(a) Regular Chua’s circuit
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(b) Canonical Chua’s circuit
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Figure 1: My first circuit.
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Figure 2: My second circuit.
(c) Circuit with MMOs (ver. 1)
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Figure 1: My first circuit.
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Figure 2: My second circuit.
(d) Circuit with MMOs (ver. 2)
Figure 3: Various oscillatory memristive circuits.
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Figure 4: Realization of dual memristive circuits with MMOs and g(w) = a +
3bw2.
capacitance C1 and inductance L1 in the circuits shown in Figs.3(c) and 3(d),
respectively, the two circuits and their model (3) are singularly perturbed ones.
A SPICE version of the circuits in Figs.3(c) and 3(d) is shown in Fig.4 with
the assumption that g(w) = a+ 3bw2 in (1). The output of the first multiplier
AD633 gives w2(t), while the output of the second multiplier AD633 yields
(a + 3bw2)x. Also, C1 = Cα/sc, R1 = 0.1ǫR/sc, R2 = ηǫR/sc, R3 = R/sc,
R4 = 0.1R/(3bη
2), R5 = R/η, R6 = R/(βsc), R7 = R/K, V = as and RC = 1
second.
3 Newtonian properties and jounce equations
for Chua’s circuits
We shall now examine the regular and canonical Chua’s circuits with memristors
shown in Figs.3(a) and 3(b) and demonstrate that both circuits can be described
by the second Newton’s law from which jounce equations can be easily derived.
We assume that inductor L in Fig.3(a) has an internal resistance r. This circuit
is described by the following equations
x′ = kα[y + (ξ − 1)x− g(w)x]
y′ = k(x− y + z)
z′ = −k(βy + γz)
w′ = kx.
(4)
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where [x, y, z, w] = [v1, v2, i3, φ], k > 0, α = 1/C1, β = 1/L, γ = r/L, ξ = G,
R = 1 and C2 = 1. The circuit comprises the negative conductance (−G < 0),
capacitors C1 and C2, resistor R, inductor L (with an internal resistance r),
a flux-controlled mem-element with memductance g(w), where w denotes the
flux variable. The quantities v1, v2 and i3 are the two voltages on C1, C2 and
current through L, respectively.
Theorem 1: The memristor’s internal variable w in the regular Chua’s circuit
satisfies w′′ = F (t, w, w′)/m with
F/m = k(αh(w) − 1− γ)w′ + k2(α+ β + γ)w − αk3γ
∫
wdt
+αk2(1 + γ)
∫
h(w)dw − αk3(β + γ)
∫ ∫
h(w)dwdt
(5)
and h(w) = ξ − 1− g(w). ⋄
Proof. The second and fourth equations in (4) yield
w′′ = αk2y + kαh(w)w′
= kαh(w)w′ + αk2w − αk3
∫
ydt+ αk3
∫
zdt.
(6)
In order to express
∫
ydt and
∫
zdt in terms of w and w′ we ntegrate the third
equation in (4) and substitute the integral of the second equation to get
z = −β
∫
kydt− γ
∫
kzdt = −(β + γ)
∫
kydt+ γw − γy.
The first equation in (4) gives
∫
kydt = 1
αk
w′ −
∫
h(w)dw. Therefore,
∫
zdt =
−β+γ
αk
w − (β + γ)
∫ ∫
h(w)dwdt − γ
∫
wdt− γ
∫
ydt, and (6) becomes
w′′ = kαh(w)w′ + αk2w − αk3
∫
ydt− k2(β + γ)w
−αk3(β + γ)
∫ ∫
h(w)dwdt − αk3γ
∫
wdt− αk3γ
∫
ydt
= kαh(w)w′ + k2(α+ β + γ)w − αk2(1 + γ)
∫
kydt
−αk3γ
∫
wdt − αk3(β + γ)
∫ ∫
h(w)dwdt
= kαh(w)w′ + k2(α+ β + γ)w − k(1 + γ)w′ + αk2(1 + γ)
∫
h(w)dw
−αk3γ
∫
wdt − αk3(β + γ)
∫ ∫
h(w)dwdt.
(7)
The right side of (7) is equal to the right side of (5). ⋄
The canonical Chua’s circuit in Fig.3(b) is described by the following equa-
tions
x′ = kα[y − g(w)x]
y′ = k(z − x)
z′ = −k(βy + γz)
w′ = kx
(8)
where [x, y, z, w] = [v1, v2, i3, φ], k > 0, α = 1/C1, β = 1/C2, γ = G/C2 and
L = 1. As before, the quantities v1, v2 and i3 are the two voltages on C1, C2
and current through L, respectively.
Theorem 2: Variable w in (8) satisfies w′′ = F (t, w, w′)/m with F/m given
below. ⋄
Proof. The first and fourth equations in (8) yield
w′′ = kx′ = kα [ky − g(w)w′] = kα
[
−g(w)w′ + k2
∫
(z − x) dt
]
= kα
[
−g(w)w′ − kw + k2
∫
zdt
]
.
(9)
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Variable z satisfies the following equation
z = k
∫
(−βy + γz)dt = −kβ
∫ [
1
kα
x′ + g(w)x
]
dt+ kγ
∫ (
1
k
y′ + x
)
dt
= − β
αk
w′ + β
∫
g(w)w′dt+ γ
[
1
kα
x′ + g(w)x
]
+ γw
= − β
αk
w′ + β
∫
g(w)dw + γ
k2α
w′′+ γ
k
g(w)w′+γw.
(10)
Next, (10) gives∫
zdt = −
β
αk
w +β
∫ ∫
g(w)dwdt +
γ
k2α
w′ +
γ
k
∫
g(w)dw + γ
∫
wdt. (11)
By using (11) we obtain from (9)
w′′= −kαg(w)w′−k2αw−k2βw+k3α
∫∫
g(w)dwdt+kγw′
+ k2γα
∫
g(w)dw+k3γα
∫
wdt
= −k2(α+β)w +k [γ− αg(w)]w′+ k3γα
∫
wdt+k2γα
∫
g(w)dw
+ k3α
∫∫
g(w)dwdt
:= F (t, w, w′)/m.
(12)
Thus (12) yields F/m which ends the proof. ⋄
Corollary 1: The w in (8) satisfies a jounce equation
w′′′′ + k{αg(w)− γ}w′′′+ k{kα− kγαg(w) + kβ + 3αg′(w)w′}w′′
+ k3α{βg(w)− γ}w′−k2αγg′(w)(w′)2+kαg′′(w)(w′)3 = 0.
(13)
⋄
Proof. Applying d
dt
twice to (12) gives (13). The corollary can also be proved
in an alternative way. One differentiation of the last equation in (8) together
with the first equation yield
w′′ = k2αy − k2αg(w)w′. (14)
Next, from (14) we obtain y, y′ and y′′ as
y = w′′/(k2α) + g(w)w′/k
y′ = w′′′/(k2α) + g′(w)(w′)2/k + g(w)w′′/k
y′′ = w′′′′/(k2α) + g′′(w)(w′)3/k + 3g′(w)w′w′′/k + g(w)w′′′/k.
(15)
The second equation in (8) can be written as z = 1
k
y′ + x. Substituting it into
the third equation in (8) and using x = w′/k we arrive at
y′′ + w′′ = −k2βy + kγy′ + kγw′. (16)
Now, inserting y, y′ and y′′ from (16) into (15) yields (13). ⋄
It can also be shown that the variable w in the regular Chua circuit satisfies
a similiar jounce equation. The proof is omitted here.
4 Oscillatory memristive circuits with MMOs
and their jounce Newtonian properties
Transformation x = ηx and the second equation in (1) yield the following (we
use a nonzero as as described in section 2).
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Theorem 3: The w in (1) satisfies a Newtonian law w′′ = F (t, w, w′)/m. ⋄
Proof. One differentiation of the last equation in (1) and using the other equa-
tions in (1) yield
w′′ = scx
′ = − sc
ǫ
[scy + g(w)w
′] = − sc
ǫ
[
g(w)w′ + s2cα
∫
(x−Ky − z ± as) dt
]
= − sc
ǫ
[
g(w)w′ + sαw + scαK
β
z − s2cα
∫
z(t)dt± s2cαast
]
.
(17)
In order to find
∫
z(t)dt let’s determine z first with
z = −scβ
∫
ydt =1 β
∫
(ǫx′ + g(w)w′)dt
= βǫ
sc
∫
w′′dt+ β
∫
g(w)dw = βǫ
sc
w′ + β
∫
g(w)dw.
(18)
This yields
∫
zdt ∫
zdt =
βǫ
sc
w + β
∫ ∫
g(w) dwdt. (19)
Finally, we compute
w′′ = − sc
ǫ
{scα(1−βǫ)w+scαK
∫
g(w)dw−s2cαβ
∫∫
g(w)dwdt+(g(w)
+αKǫ)w′±s2cαast}
= − sc
ǫ
{(g(w)+αKǫ)w′+scα(1−βǫ)w ± s
2
cαast+scαK
∫
g(w)dw
−s2cαβ
∫∫
g(w)dwdt}
:= F (t, w, w′)/m
(20)
which yields F (t, w, w′)/m. ⋄
Comment 3.1. Due to the terms
∫∫
g(w)dwdt (depending on t) and s2cαat, the
F is non-autonomous.
Corollary 2: The system (1) yields a jounce equation in w in the form
ǫw′′′′ + sc{αKǫ+ g(w)}w
′′′+ {s2cα+ s
2Kg(w)− s2cαβǫ + 3scg
′(w)w′}w′′
−s3cαβg(w)w
′ + s2cαKg
′(w)(w′)2 + scg
′′(w)(w′)3 = 0.
(21)
⋄
Proof. Applying d
dt
twice to (20) yields (21). ⋄
Analogous results hold true for x, y and z. We state the results below, but,
to avoid unduly replications, the proofs will be omitted.
Theorem 4:
(1) For a Newtonian formulation x′′ = F (t, x, x′)/m of (1) we have
F
m
= − sc
ǫ
{±scαas−s
2
cαβ
∫
g(w)dw+(scα−scαβǫ+scαKg(w)+g
′(w)x)x
+(αKǫ+g(w))x′}
(22)
and w(t) = sc
∫
x(t)dt.
(2) For a Newtonian formulation y′′ = F (t, y, y′)/m of (1) we have
F
m
=
sc + cα
(
−
[
K+ g(w)
ǫα
]
y′ + sc
[
β − 1
ǫ
− g(w)K
ǫ
]
y ± g(w)scas
ǫ
+
g(w)s2
c
β
ǫ
∫
y(t)dt
)
(23)
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where the w in g(w) depends on y as
w =
1
α
y ∓ scas t+ sc(K − scβ)
∫
y(t)dt. (24)
(3) For a Newtonian formulation z′′ = F (t, z, z′)/m of (1) we have
F
m
= −s2cαβ
(
K
scβ
z′ +
[
1
ǫβ
− 1
]
z ± as −
1
ǫ
∫
g(w)dw
)
(25)
where the w in g(w) depends on z as
w = −
1
scαβ
z′ −
K
β
z ∓ scast+ sc
∫
z(t)dt. (26)
⋄
Comment 3.2. All expressions of F in (22), (23) and (25) are non-autonomous.
Comment 3.3. The fact that the system (8) is jouncely Newtonian in all four
variables is rather remarkable considering the fact that many well-known sys-
tems with three variales, i.e. those of Lorenz and Ro¨ssler, are not even jerky
Newtonian in all three variables [23].
5 The rms-equivalence of two-port RL and RC
circuits
Suppose now that the quantities in Fig.2 are defined over one period. The
general diagram in Fig.2 can be represented for VCMR and CCMR in terms
of the voltage, current, flux and charge variables v, i, ψ and q, respectively, as
shown in Figs.5(a) (VCMR) and 5(b) (CCMR).
Since the Γi, i = 1, . . . , 6, represent closed curves for 0 ≤ t ≤ T , where T
stands for the period, therefore for general curve Γ we have
∫
Γ vdφ =
∫ T
0 v
dφ
dt
dt =∫ T
0 v
2dt = Tv2rms, where the root-mean-square value vrms =
√
1
T
∫ T
0 v
2dt. Also,∫
Γ φdv = φv|
T
0 −
∫ T
0 vdφ = −Tv
2
rms (since φv|
T
0 = 0). In a similar way one can
v
iq
φ
∫
Γ5
idq,
∫
Γ5
qdi
∫
Γ6
vdφ,
∫
Γ6
φdv
∫
Γ1
idv∫
Γ1
vdi
∫
Γ4
qdφ∫
Γ4
φdq
∫
Γ3
idφ
∫
Γ3
φdi
∫
Γ2
vdq
∫
Γ2
qdv
i
vφ
q
∫
Γ5
vdφ,
∫
Γ5
φdv
∫
Γ6
idq,
∫
Γ6
qdi
∫
Γ1
vdi∫
Γ1
idv
∫
Γ4
φdq∫
Γ4
qdφ
∫
Γ3
vdq
∫
Γ3
qdv
∫
Γ2
idφ
∫
Γ2
φdi
im
C1 x
L y R
C2zas
(1 + γ)y
vm
L1
x
G as Cy
L2
z
+
−
(1 + γ)y
1
(a) The VCMR diagram
v
iq
φ
∫
Γ5
idq,
∫
Γ5
qdi
∫
Γ6
vdφ,
∫
Γ6
φdv
∫
Γ1
idv∫
Γ1
vdi
∫
Γ4
qdφ∫
Γ4
φdq
∫
Γ3
idφ
∫
Γ3
φdi
∫
Γ2
vdq
∫
Γ2
qdv
i
vφ
q
∫
Γ5
vdφ,
∫
Γ5
φdv
∫
Γ6
idq,
∫
Γ6
qdi
∫
Γ1
vdi∫
Γ1
idv
∫
Γ4
φdq∫
Γ4
qdφ
∫
Γ3
vdq
∫
Γ3
qdv
∫
Γ2
idφ
∫
Γ2
φdi
im
C1 x
L y R
C2zas
(1 + γ)y
vm
L1
x
G as Cy
L2
z
+
−
(1 + γ)y
1
(b) The CCMR diagram
Figure 5: Diagrams for VCMR (a) and CCMR (b).
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prove that
∫
Γ
idq = T i2rms and
∫
Γ
qdi = −T i2rms. This provides an interpretation
of the one-period quantities on the top and bottom sides of the diagrams in
Fig.5(a) and 5(b): the integrals are simply equal to the positive or negative of
the period T multiplied by the square of the memristor’s voltage or current rms
values.
Similar analysis can be done for the one-period quantities represented by the
integrals on the diagonals of the diagrams in Figs.5(a) and 5(b). For example,∫
Γ
vdq =
∫ T
0
v dq
dt
dt =
∫ T
0
vidt = EC , the memristor’s one period (electric) energy.
Also,
∫
Γ
idφ =
∫ T
0
i dφ
dt
dt =
∫ T
0
ivdt = EL, the memristor’s one period (magnetic)
energy.
Using the above EC , EL and vrms, irms values we can calculate parallel G-
C (conductance-capacitance) and series R-L (resistance-inductance) equivalent
linear circuits yielding the same rms sinusoidal values as those obtained in the
nonlinear memristor circuits. For the G-C parallel circuit we have GTv2rms =
EC , while for the R-L series circuit we have RTi
2
rms = EL. From the first
equation and the fact that Tv2rms =
∫ T
0 v
2dt we have
G =
EC∫ T
0
v2dt
. (27)
Also, for the memristor’s admitance we obtain Y = irms
vrms
=
√∫ T
0
i2dt/
∫ T
0
v2dt.
Thus
Y 2 =
(
EC∫ T
0
v2dt
)2
+
(
2π
T
C
)2
=
∫ T
0 i
2dt∫ T
0
v2dt
(28)
from which we obtain
C =
T
2π
∫ T
0 v
2dt
√∫ T
0
v2dt
∫ T
0
i2dt− E2C . (29)
Thus, the values of G and C can be computed from (27) and (29), respectively.
The period T for the circuits in Fig.3(c) and 3(d) can be estimated by the
formulae derived in [10].
In an analogous way we can obtain an equaivalent R-L series circuit. The
emphasis is to have a one-to-one correspondence between our memristive circuits
and their equivalent linear parallel G-C or series R-L series to yield the same
rms values.
6 Conclusions
We have analyzed various oscillatory memristive circuits and proved their links
to Newton’s law, as the internal memristor’s variables satisfy the equation w′′ =
F (t, w, w′)/m with a non-autonomous functions F containing memory terms.
For the memristive circuits with MMOs all dynamical variables satisfy Newton’s
law as shown in section 4. Once a Newton’s law equation is obtained for various
variables, we can transform such an equation into a jounce scalar equation, with
the term jounce has been borrowed from physics/mechanics, where it means
the second time derivative of the acceleration. The jounce equation for the
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memristive circuits with MMOs (Figs.3(c) and 3(d)) has been used to construct
an equivalent jounce Newtonian circuit in SPICE (Fig.4). Similar approach can
be applied to Chua’s circuits shown in Figs.3(a) and 3(c).
The diagrams constructed in this paper (Figs.2, 5(a) and 5(b)) with various
integral quantities can be interpreted as the power (right sides of the diagrams in
Figs.5(a) and 5(b)), energy, rms and action values. The later has the dimensions
of [energy]×[time], and its SI unit is Joule×second. This is an interesting new
(or rather forgotten in the circuit theory) quantity that further links memristors
to physics and quantum mechanics throught the famous Planck’s constant. The
Planck’s constant has also the same unit Joule×second, as the action A does.
The Planck’s constant is used in the relationship between energy and frequency
of an electromagnetic wave, known as the Planck-Einstein equation E = hν (or
h = E/ν = TE), where E is the energy of the charged atomic oscillator, ν is the
frequency of an associated electromagnetic wave and h is the Planck’s constant.
Finally, we showed how to find linear parallel G-C and series R-L two-port
circuits yielding the same rms values as those in the memristive circuits. The
assumption is that the G-C and R-L circuits have sinusoidal inputs.
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